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magnitudes of a linear canonical transform
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Abstract: Phase retrieval problems occur in a wide range of applications in physics and engineer-
ing. Usually, these problems consist in the recovery of an unknown signal from the magnitudes
of its Fourier transform. In some applications, however, the given intensity arises from a dif-
ferent transformation such as the Fresnel or fractional Fourier transform. More generally, we
here consider the phase retrieval of an unknown signal from the magnitudes of an arbitrary lin-
ear canonical transform. Using the close relation between the Fourier and the linear canonical
transform, we investigate the arising ambiguities of these phase retrieval problems and transfer
the well-known characterizations of the solution sets from the classical Fourier phase retrieval
problem to the new setting.
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1. Introduction
In many applications in physics and engineering such as crystallography [Mil90, Hau91],
astronomy [BS79, DF87], and laser optics [SST04, SSD+06], one is faced with the so-
called phase retrieval problem. The one-dimensional varient of this problem consists in
the recovery of an unknown signal f : R → C in L2(R) with compact support from its
Fourier intensity
|F [f ](ω) | :=
∣∣∣
∞∫
−∞
f(t) e−iωt dt
∣∣∣.
Physically, one can interpret these magnitudes as intensity measurements of a wave in
the far field. If one measures the intensity in the near field, one has to replace the
Fourier transform by the Fresnel or the fractional Fourier transform [Goo96]. In order to
investigate the occurring ambiguities of the corresponding phase retrieval problems, we
exploit that all three transformations – Fourier, Fresnel, and fractional Fourier transform
– are special cases of the linear canonical transform [Wol79, Chap. 9].
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2. The linear canonical transform
For the real parameters a, b, c, and d with ad− bc = 1, the linear canonical transform is
defined by
C(a,b,c,d)[f ](ω) :=
∞∫
−∞
f(t)K(a,b,c,d)(ω, t) dt (1)
with the kernel
K(a,b,c,d)(ω, t) :=


1√
2pib
e−i
pi
4 e
i
2
(a
b
t2− 2
b
ωt+ d
b
ω2) b 6= 0,
1√
a
ei
c
2a
ω2 δ
(
t− ωa
)
else,
(2)
where δ denotes the Dirac delta-function, see [Wol79, Chap. 9].
Obviously, the linear canonical transform C(0,1,−1,0) is identical to the Fourier transform
F up to the multiplicative constant
θ := θ(a,b,c,d) :=
1√
2pib
e−i
pi
4 .
Moreover, the linear canonical transform covers a complete family of well-known integral
transformations. For instance, C(1,1/2α,0,1) and C(cosα,sinα,− sinα,cosα) with α ∈ R coincide
with the Fresnel transform [Gor81] and with the fractional Fourier transform [PD01],
respectively.
If b 6= 0, the linear canonical transform can be written in the form
C(a,b,c,d)[f ](ω) = θ(a,b,c,d) e
i d
2b
ω2 F
[
f(·) ei
a
2b
·2
](
ω
b
)
. (3)
Using this relation to the Fourier transform, one can easily show that the inverse linear
canonical transform is given by
C−1(a,b,c,d)[f˜ ](t) =
∞∫
−∞
f˜(ω)K(a,b,c,d)(ω, t) dω,
which coincides up to a unimodular constant with C(d,−b,−c,a).
3. Phase retrieval from magnitudes of the linear canonical transform
We now consider the corresponding phase retrieval problem. In other words, we wish to
recover a signal f ∈ L2(R) with compact support from |C(a,b,c,d)[f ] |. Since C(a,0,c,d)[f ] is
merely a scaled and modulated version of f , and since the recovery of a complex-valued
function is not possible from its modulus in general, we assume that b 6= 0. Similarly to
the Fourier setting, this phase retrieval problem cannot be solved uniquely.
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Proposition 3.1. Let f ∈ L2(R) be a signal with compact support. Then
(i) the rotated signal eiαf with α ∈ R
(ii) the shifted signal e−iat0·/bf(· − t0) with t0 ∈ R
(iii) the reflected signal e−ia·
2/b f(−·)
have the same linear canonical intensity |C(a,b,c,d)[f ] |.
Proof. The assertion can be established by applying (3) and using the properties of the
Fourier transform.
(i) C(a,b,c,d)[e
iαf ](ω) = eiα C(a,b,c,d)[f ](ω)
(ii) C(a,b,c,d)[e
−iat0·/bf(· − t0)](ω) = θ e−
iat20/2b e
idω2/2b F
[
f(· − t0) e
ia(·−t0)
2/2b
]
(ω/b)
= e−iat
2
0/2b e−iωt0/b C(a,b,c,d)[f ](ω)
(iii) C(a,b,c,d)[e
−ia·2/bf(−·)](ω) = θ eidω
2/2b F
[
f(−·) eia(−·)
2/2b
]
(ω/b)
= e2i arg θ e
idω2/b C(a,b,c,d)[f ](ω)
Considering the absolute value of each equation finishes the proof. 
Without further information about the unknown signal, these three ambiguities cannot
be avoided. Considering that these signals are, however, closely related to the original
signal f , we call them trivial ambiguities. Besides these ambiguities, the phase retrieval
problem usually possesses a series of further non-trivial ambiguities. Using (3), the
complete solution set can be characterized similarly to the Fourier case in [Wal63, Hof64,
Bei16]. For this, we denote the Laplace transform and the autocorrelation function of a
signal f ∈ L2(R) by
L[f ](ζ) :=
∞∫
−∞
f(t) e−ζt dt and A[f ](ζ) :=
∞∫
−∞
∞∫
−∞
f(s) f(s+ t) e−ζt ds dt.
Theorem 3.2. Let f ∈ L2(R) be a signal with compact support. Then each signal g ∈
L2(R) with compact support and |C(a,b,c,d)[g] | = |C(a,b,c,d)[f ] | is of the form
L
[
θ e
ia
2b
·2g
]
(ζ) = C ζm eζγ
∞∏
j=1
(
1− ζηj
)
e
ζ
ηj ,
where the absolute value |C | and the imaginary part ℑγ of the complex constants C
and γ coincide for all signals g, and where ηj is chosen from the zero pair (ξj, ξj) of
A[θ eia·
2/2bf ].
Proof. Since |C(a,b,c,d)[f ](ω) | = |θF [f e
ia·2/2b](ω/b) |, we can identify the phase retrieval
problem to recover f from |C(a,b,c,d)[f ] | with the phase retrieval problem to recover
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θ f eia·
2/2b from |θF [f eia·
2/2b] |. Hence, the solutions of both problems differ only by
θ eia·
2/2b. Using [Bei16, Theorem 3.3] to characterize the solutions of the Fourier phase
retrieval problem, we immediately obtain the assertion. 
Remark 3.3. Since we have assumed that the unknown signal f has a compact support,
the autocorrelation function A[θ eia·
2/2bf ] in Theorem 3.2 is the analytic continuation of
|F [θ eia·
2/2bf ] |2 from the complex axis to the complex plane, i.e.
A
[
θ ei
a
2b
·2f
]
(iω) =
∣∣∣F[θ ei a2b ·2f](ω)∣∣∣2 (ω ∈ R),
see for instance [Bei16, Proposition 3.2]. Hence, the required autocorrelation function
A[θ eia·
2/2bf ] is completely encoded in the given intensity |C(a,b,c,d)[f ] |. ©
4. Discretization of the linear canonical phase retrieval problem
To determine a numerical solution, one has to discretize the problem formulation. For
this purpose, we replace the continuous-time signal f : R → C by a discrete-time signal
x : Z → C. Analogously to the continuous-time setting, we assume that the signal
x ∈ ℓ2(Z) has a finite support, which means that only finitely many signal components
x[n] are non-zero. Discretizing the integral in (1), we define the linear canonical transform
of the signal x := (x[n])n∈Z by
C(a,b,c,d)[x](ω) :=
∑
n∈Z
x[n]K(a,b,c,d)(ω, n),
where K(a,b,c,d) is again the kernel in (2).
Analogous to (3), the linear canonical transform can be written as
C(a,b,c,d)[x](ω) = θ(a,b,c,d) e
i d
2b
ω2 F
[
x[·] ei
a
2b
·2
](
ω
b
)
(4)
whenever b 6= 0. Here F denotes the discrete-time variant of the Fourier transform given
by
F [x](ω) :=
∑
n∈Z
x[n] e−iωn.
Reversing (4), we notice that the discrete-time linear canonical transform can be inverted
by
C−1(a,b,c,d)[x˜][n] =
pi|b|∫
−pi|b|
x˜(ω)K(ω, n) dω.
Based on our definitions, the discrete-time variant of the phase retrieval problem can be
stated as follows: recover the unknown discrete-time signal x ∈ ℓ2(Z) with finite support
from |C(a,b,c,d)[x] |. For the same reason as before, we assume that b 6= 0. Adapting the
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proof of Proposition 3.1, we can simply transfer the three kinds of trivial ambiguities to
the discrete-time setting.
Proposition 4.1. Let x ∈ ℓ2(Z) be a signal with finite support. Then
(i) the rotated signal eiα x with α ∈ R
(ii) the shifted signal e−ian0·/b x[· − n0] with n0 ∈ Z
(iii) the reflected signal e−ia·
2/b x[−·]
have the same linear canonical intensity |C(a,b,c,d)[x] |.
In order characterize the non-trivial ambiguities, we will exploit the representations
of the non-trivial solutions of the Fourier phase retrieval problem in [BS79, BP15]. De-
noting the support length of the discrete-time signal x ∈ ℓ2(Z) by N , we define the
corresponding autocorrelation signal and autocorrelation polynomial by
a[x][n] :=
∑
k∈Z
x[k] x[k + n] and PA[x](z) := z
N−1
N−1∑
n=−N+1
a[x][n] zn.
Since the autocorrelation signal a[x] possesses the support {−N + 1, . . . , N − 1}, the
autocorrelation polynomial PA[x] is always a well-defined polynomial of degree 2N − 2.
Theorem 4.2. Let x ∈ ℓ2(Z) be a signal with finite support. Then each signal y ∈ ℓ2(Z)
with finite support and |C(a,b,c,d)[y] | = |C(a,b,c,d)[x] | is of the form
F
[
θ e
ia
2b
·2y
]
(ω) = ei(α+ωn0)
√√√√∣∣∣a[θ ei a2b ·2x][N − 1]∣∣∣N−1∏
j=1
|βj |−1 ·
N−1∏
j=1
(
e−iω − βj
)
where α ∈ R, n0 ∈ Z, and βj is chosen from the zero pair (γj , γ
−1
j ) of PA[θ e
ia·2/2bx] for
j = 1, . . . , N − 1.
Proof. Similarly to the equivalent continuous-time statement, the relationship (4) implies
that |C(a,b,c,d)[x](ω) | = |θF [x e
ia·2/2b](ω/b) |. We can thus reduce the considered phase
retrieval problem to the recovery of θ x eia·
2/2b from |θF [x eia·
2/2b] |. Now, the assertion
immediately follows from the characterization of the solution set of the Fourier phase
retrieval problem in [BP15, Theorem 2.4]. 
Remark 4.3. Considering the well-known relation
F
[
a
[
θ x ei
a
2b
·2]] = ∣∣F[θ x ei a2b ·2]∣∣2 = ∣∣C(a,b,c,d)[x]∣∣2 (5)
between the autocorrelation signal and the squared Fourier intensity of a discrete-time
signal with finite support, see for instance [BP15, p. 1173], the autocorrelation polynomial
PA[θ e
ia·2/2bx] in Theorem 4.2 is completely determined by |C(a,b,c,d)[x] |.
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Moreover, equation (5) shows that |C(a,b,c,d)[x] |
2 as Fourier transform of the autocorrel-
ation signal a[θ eia·
2/2bx] is a non-negative real-valued trigonometric polynomial of degree
N − 1. Hence, the intensity |C(a,b,c,d)[x] | is already uniquely defined by 2N − 1 samples
at appropriate points in [−π, π). ©
5. Conclusion
Using the close relation between the linear canonical transform and the Fourier trans-
form, we have characterized the complete solution set of the phase retrieval problem to
recover a continuous-time or discrete-time signal from the intensity of its linear canonical
transform. With the same approach, one can transfer most of the uniqueness results for
the classical phase retrieval problem, see for instance [BFGR76, KST95, RDN13, BP15,
Bei16, BP16] and references therein, to the new setting.
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